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The d i rec t  and inverse  p rob l ems  of nonequil ibr ium sorpt ion dynamics  a re  cons idered  for  the 
case  of a va r iab le  f i l t ra t ion velocity;  the d i rec t  p rob lem is solved by means  of orthogonal 
polynomials  and the inverse  p rob lem with the help of s ta t i s t ica l  moments .  

When a flow of fluid ma te r i a l  pa s s e s  through a column filled with spher ica l  sorbent  granules ,  the 
f i l t ra t ion veloci ty  of the flow will i nc rease .  In general  the p r e s s u r e  gradient  in a g ranu la r  column (allow- 
ing for  both iner t ia l  and v iscous  forces )  depends nonl inear ly  on the f i l t ra t ion veloci ty [1, 2]. For  fa i r ly  
low veloci t ies  only the v iscous  fo rces  have to be taken into account.  In this case the p r e s s u r e  gradient  [3] 

] gradp [ = 600 (I - -  ~)* U~l. (1) 
a~ff3  

Regarding the quantity of gas  involved as constant  and consider ing Eq. (1) for  the case  of weak t u r -  
bulence,  we may find the change taking place in the f i l t ra t ion veloci ty  along the column 

u0 
7 

u =  v j 1 - - z /L  o (2) 

where  L 0 = poa2a3/1200uo (1 - a )  2 ~?. 

In the p r e s ence  of sorpt ion at the phase in te r face ,  the same  t r a n s f e r  in the granular  column is  de-  
sc r ibed  by the m a t e r i a l - ba l ance  equation and the equation of sorpt ion kinet ics .  The k ine t ics  of the ac ts  of 
sorpt ion for  smal l  quanti t ies  of the sorba te  in the solution (or weak adsorpt ion on a uni form surface)  a re  
desc r ibed  by a l inear  differential  equation [4] 

Oq---~~ = klc ~ - -  k~q ~ (3) 
Ot 

At equi l ibr ium the l inear  different ial  equation (3) p a s s e s  into the l inear  sorpt ion i so the rm.  The l inear  
equation of sorpt ion  k inet ics  (3), despite  its l imi ta t ions ,  is  of pa r t i cu la r  in te res t  in view of the fact  that it 
enables  us to analyze the sorpt ion of each component  of a mixture  independently of the p resence  of the other  
components .  Using the solution of the so rp t ion -dynamics  p rob lem for  one component,  we may thus analyze 
the effect  of the ra te  of the ac ts  of sorpt ion and the m a s s - t r a n s f e r  veloci ty on the f o r m  of the dynamic 
output curves  of var ious  so rba t e s ,  which is impor tan t  in choosing the op t imum conditions for  a number  of 
p r o c e s s e s  in chemical  technology. We descr ibe  the change in the concentrat ion of sorbate  inside the s p h e r -  
ical sorbent  gra ins  by the equation of ma te r i a l  balance in the grain: 

Oc--~-~ = D, 1 _ .  ~ ( r~ Oc~ ~ Oq ~ (4) 
Ot r 2 Or Or ] Ot 

I. M. Gubkin Insti tute of the Pe t rochemica l  and Gas Industry ,  Moscow. Trans l a t ed  f r o m  Inzhenerno-  
Fiz icheski i  Zhurnal ,  Vol. 20, No. 2, pp. 230-238, F e b r u a r y ,  1971. Original  a r t ic le  submit ted January  21, 
1970. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced [or any purpose whatsoever without 
permission of the publisher. A copy o[ this article is available from the publisher for $15.00. 

161 



In o rde r  to gain a c o r r e c t  solution of Eqs.  (4) and (3), we set out the following initial (zero) and 
boundary conditions: 

a) continuity of the external  and internal fluxes a t  the boundary of a spherical  grain 

' . , . ,  OC ~ 
I~ (C =- C~ k== ) U i - : - -  I ; 

o r  Ir=a 

b) s y m m e t r y  in the center  of the grain 

Oc___~o It = 0, (6) 
Or Ir=O 

where  13 = B0 (u/u0) 1/2 [5]. 

Using the integral  Laplace t ransformat ion,  we now find a solution to the system of equations (3), (4) 
with boundary conditions (5), (6). After cer ta in  t ransformat ions ,  we wri te  the following for the Laplace 
t ransforms:  ' 

(o Ir , 

V ' V  J r"+ ~ (7, 

where  

p +  k, 

For  a cyl indrical  column, the equation of mater ia l  balance,  allowing for longitudinal mixing, takes the 
fo rm 

--ff + +~'(C--C~ ~ D(u) , iS) 

where " :' 

3[$. D (u) = D a + Dlu + D#~; 6 = 1Z_____~ Y= a '  a " 

In view of the fact that t rans ient  field of concentrat ions exists  in the column, the effective longitudinal 
mixing may be descr ibed  by a d ispers ion coefficient.  In general ,  the coefficient  of d ispers ion D(u) is made 
up of the molecular  diffusion Dg in the' narrow charmers of the sorbent  grain [6], the convective mixing DlU 
in the granular  l a y e r  which takes place on passing around the grains [6],  the turbulent  mixing due' to turbu-  
lent pulsations [7], the: mixing due to velocity fluctuations in the granular  l aye r ,  the mixing Dzu 2 due to the 
existence of a velocity prof i le  in the column c ross  sect ion (Taylor'dif~fusion) [8], and the mixing in the  
stagnant zones between the grains (relaxation dispersion)  [9] For  a liquid flow, the coefficient  Of r e l axa -  
tion dispers ion is g r ea t e r  than for  a gas flow, since hardly  any stagnant zones are  formed in the la t t e r .  

In o r de r  to p resen t  a c o r r e c t  formulat ion for  the problem of sorpt ion dynamics in a granular  column, 
we wri te  down the zero  initial and boundary conditions 

c(z, t)b=o = cd(t), (9) 
t 

in which for  frontal  sorpt ion dynamics fl(t) = 1, for  developing sorption dynamics and short  columns f2 (t) 
= 5 (t), and for  long columns fz (t) = 1 -~  (t- t0).  The t ime t o for  admitting the tes t  substance into the column 
should be considerable in the la t te r  case owing to the stlbstantial l iquefaction of the tes t  substance (sample) 
at the exit f rom the long column. 

Using the integral  Laplace t ransformat ion ,  we rewr i te  the sys tem of equations (7), (8) for  the t r an s -  
fo rms  in the following manner:  

d-z-[D(u)- ~z J ~ ~(P' z)~O " ( lO) 
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with boundary  condi t ions  

{f,(p)= pl___, (na) 

hp).= 1 :~ (p) = " (nb) 

[~ (p) = ~ [ l -  exp (-- pro) ], (110) 

w h e r e  

3Di 6 (La cth La - -  i) 
a 2 

[~, (~a cth ~a --  1 ) 

~ ( _  1)~p~. (12) 

If longi tudinal  mixing  has  a cons ide rab l e  inf luence on the m a s s  t r a n s f e r  in the g r a n u l a r  l a y e r  (D ~ 0), 
and the length of  the co lumn is  such that  z ~ L0, we m u s t  solve Eq. (10) r i g o r o u s l y .  

In view of  the fac t  that ,  in o r d e r  to c o n s t r u c t  the so lu t ions ,  we r equ i r e  e x p r e s s i o n s  fo r  v a r i o u s  
s ta t i s t i ca l  m o m e n t s ,  we shall  seek the solut ion to Eq. (10) in the f o r m  of a s e r i e s  in p: 

"" rt$ c (z, p) = : gmp m @ ~. h,n p = Ag (z) + Bh (z). (13) 
tn~O tn~O 

Subst i tut ing (13) into (10) we obtain  the s y s t e m  

[  o].o d D (u) = 0, 
dz dz 

d D (u) g~ (-- 1)~-i+lw~_~ 
d--[ dz J -  dz -=  

i ~ O  

d dh o - = O, 

(m-- i> 4), 

(rn-- i >/1). 

(14) 

Solving the s y s t e m  (14) s u c c e s s i v e l y  we find 

g ~  --~ dz) ~ exp (-- / -~- dz) de ,  D 

u J j r  --D- --D- 

• (-- 1)'n-i+lW~n,~gflz dz, 

�9 u u dz D 

(15) 

We find the cons tan t s  A, B f r o m  the boundary  condi t ion (11) at  z = 0 and the boundary  condi t ion at 
z = L; these  condi t ions  spec i fy  the continui ty of  the concen t r a t i ons  ~(z ,  p) and concen t r a t ion  flux j = D[dff(p, 
z ) /dz]  -ua"(p,  z) in Eq. (13) and in the equat ion obtained f r o m  the solut ion of  Eq. (10) with u = u 0 (1 - L / L 0 ) - I / 2  
= const .  Af te r  c e r t a i n  t r a n s f o r m a t i o n s ,  a l lowing for  the boundary  condi t ion (11b), we may  wr i t e  

___ az J~=L -~-~=L = 
c(z, p),~L= g(O)~z ~ = L ~  ~ = v,: ~. (16) 
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We find the e x p r e s s i o n s  fo r  the in i t ia l  m o m e n t s  f r o m  [10] 

= lira [ ( -  1)n 
~ n  .-,o I &z, p) 

d(")~(z, p) = ( - -  1)"nl v~ (17) 
@" Vo 

The ini t ia l  and c e n t r a l  m o m e n t s  a r e  r e l a t e d  by  

/ I  

k ~. = ~ C7~ (-- ~l)k~._k. (18) 
k==O 

We see  f r o m  Eqs .  (15) and (16) that  f inding the m o m e n t s  r e d u c e s  to s i m p l e  q u a d r a t u r e s .  If  we  s u b -  
s t i tu te  (2) into (15), a f t e r  i n t eg ra t ion  we  obta in  s o m e  e x t r e m e l y  c u m b e r s o m e  e x p r e s s i o n s  fo r  the m o m e n t s ,  
v e r y  di f f icul t  to use .  L e t  us  t h e r e f o r e  find the s i m p l e s t  e x p r e s s i o n s  fo r  the m o m e n t s  with D = 0 (i .e . ,  

when  the longitudinal  m i x i n g  p l ays  a m i n o r  par t ) .  In th is  c a s e ,  subs t i tu t ing  ~" = c 0 (u0/u) Z fnp n into Eq.  
/ 
n=0 

(10) with due a l lowance  f o r  Eq.  (12) and the bounda ry  condi t ion ( l l b ) ,  we obta in  

f,. = - ~ l" ~ - '  ( -  1)'- '+"fJ z (m- -  i >/ 1), (19) 

w h e r e  fo = 1; f m [ z  = 0 = 0 (m -> 1). 

Using Eq.  (19) and the r e l a t i o n s  (17) and (18), we m a y  wr i t e  down the f i r s t  ini t ia l  and th ree  cen t ra l  
m o m e n t s  

cq = 2t 1 + (1 +k) 61 L0 [ 1 - -  (1 - -  L/Lo)3/2], 
3tt 0 

[x~ = 2~ I I l - -  -a- xi + 6 I [ ks , ~ [ - -  (I - -  L/Lo) TM] [1 - - ( l  - -  L/Lo) z/2]-'}, 

{ 1  2x, 10 2 , 12 ( 1  + x , ) [ t - - ( 1 -  L/Lo) TM] 

3 [1 - - (1  --L/Lo)" ] [1 - - (1  - -  L/Lo)~/2]-x}, • [1 - ( 1  - L/ro)3/ ] -' + 

ix 6 ( 3  
, , = 3 g + 2 4 = ,  + - V  7--W 

+__~_6 _t___{__6x,. 27 x~). [1--" (1--L/Lo)  7:'] [1--(1--L/Lo)af2] -' 

2 [1 - -  (1 - -  L/Lo)"/' ] [I - -  (1 - -  L/Lo) 3/2]-'}, 
+ 3:,-T 

(20) 

(21) 

w h e r e  

(22)  

(23) 

�9 a S (k + 1) . ~,o 31~o 
k =  ka, ~t-- ;" 7o= -- (24) 

k 2 15D i k + 1 a (k + I) 

The f o r m  of the dynamic  output cu rve  (which is  a l m o s t  Gauss ian)  i s  ma in ly  d e t e r m i n e d  by the s p e c i -  
f i ca t ion  of t hese  four  m o m e n t s .  The  f i r s t  ini t ia l  m o m e n t  (~l) c h a r a c t e r i z e s  the pos i t ion  of the " c e n t e r "  
of  the c u r v e ,  the second  (P2) the d e g r e e  of " s c a t t e r "  of  the c u r v e ,  the th i rd  (P3) g ive s  a m e a s u r e  of  the 
a s y m m e t r y  of  the "b i a s "  (or " s k e w n e s s " ) ,  w h e r e  the a s y m m e t r y  coef f ic ien t  Sk = /~ j#~/2  and fo r  Sk > 0 the 
l ead ing  edge is  s t e e p e r  than the t r a i l i ng  edge,  whi le  f o r  Sk < 0 the r e v e r s e  i s  the c a s e .  F o r  a s y m m e t r i c a l  
cu rve  all the odd cen t ra l  m o m e n t s  a r e  equal  to z e r o .  The  four th  m o m e n t  (/~4) c h a r a c t e r i z e s  the " s h a r p -  
n e s s , "  the coef f i c ien t  of  s h a r p n e s s  o r  the " e x c e s s "  be ing  E x =#4/tzz2 - 3  (for a G a u s s i a n  c u r v e  E x = 3). F o r  
a c u r v e  s h a r p e r  than a G a u s s i a n ,  E x > 3, whi le  fo r  a f l a t t e r  c u r v e  E x < 3. Using the e x p r e s s i o n s  f o r  the 
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m o m e n t s  (20)-(23), we m a y  analyze  the effect  of  a va r i ab le  f i l t r a t ion  ve loc i ty  u on the f o r m  of the dynamic  
cu rve .  F o r  a flow ve loc i ty  va r i a t ion  of  u 0 -< u < oo (0 -< z -< L 0) the l imi t ing  value of  the f i r s t  ini t ial  m o m e n t  
(~p = (2k5 L0/3u 0) = (2/3)a01 (a01 is  the init ial  momen t  fo r  u = u 0 = const . ) .  In view of the fac t  that  1 -< ~l  
/~01 <- 2 /3 ,  i t  is  r e a s o n a b l e  to in t roduce  an "effect ive  ve loc i ty , "  in such a m a n n e r  that  the init ial  m o m e n t  
ca lcu la ted  by Eq. (20) fo r  an ef fec t ive  vel 'ocity u* cons tan t  a long the co lumn 

2[l+(1+k)(i]L o [ l_( l__L/Lo)a/2  ] = [ l + ( l + k ) ~ ] L  
~ I  ~ 3U ~ U*  

Hence the ef fec t ive  flow ve loc i ty  

u* ---- 3U-~-~ [I - -  (1 -2 L[Lo)3/2],, = )~ao ' 
2 

(25) 

w h e r e  1 - ;~-< 3 /2 .  The l imi t ing  value of  the las t  t e r m  in (21) ca lcu la ted  r i g o r o u s l y  for  L ~ L  0 equals  
6 /7y  0 = 0.855 (1/7"0). Using the e x p r e s s i o n  fo r  the l imi t ing  ve loc i ty  u~ = (3/2) u 0, w e m a y  find the a p p r o x -  
imate  l imi t ing  value of  the l a s t  t e r m  in (21), which equals  (y~ ~ ' - ~ 0 )  -I  = 0.815 (1/yo) (the d i f f e rence  f r o m  
the r igoro.us value is 5%). Analogous  ca lcu la t ions  for  the l a s t  t e r m  of  (22) g ives  the exac t  l imi t ing  value 

2 �9 �9 �9 2 * -I (1/7" 2) (di f ference 12%). These  0.75 (1/(Y0)); the app rox ima te  value us ing (25) is  ((1/~0) (u0 /u ) )  ~- 0.66 
ca lcu la t ions  c o n f i r m  the r ea sonab i l i t y  of  in t roduc ing  the ef fec t ive  flow ve loc i ty  given by (25)~ 

On ana lyz ing  the m o m e n t s  (20)-(23), we see  that  fo r  a va r i a t i on  of u 0 -< u < ~o (0 ~ z - L 0) the output  
cu rve  b e c o m e s  f l a t t e r  and m o r e  a s y m m e t r i c a l .  The l imi t ing  changes  in the m o m e n t s  a re  as  f o l l o w s  The 
f i r s t  initial m o m e n t  a l  fa l ls  by 34%, the second  cent ra l  m o m e n t  ~2 fa i l s  m o r e  than 34%, the a s y m m e t r y  
coef f ic ien t  Sk i n c r e a s e s  by 17%, the e x c e s s  E x d imin i shes  by 34%. 

Fo r  an ef fec t ive  flow veloc i ty  u* = const ,  we shall  seek the solut ion to Eq. (10), a l lowing for  condi -  
t ions  (11b) and Eq. (12), in the f o r m  

"~(z, p) = co ~ s . f  . (26) 
rL~0 

Subst i tu t ing (26) into (10), we  obtain  

,,I exp(  u*z ~ {exp u*z 

l=0 

(27) 

w h e r e  so = 1, Snl z = 0 = O(n _~1). 

Using (27), (17), (18), and (25), we m ay  w r i t e  down the e x p r e s s i o n s  fo r  the f i r s t  ini t ial  and th ree  

cen t ra l  m o m e n t s  thus:  

[ I + ( 1 +  k)~lL (28) 
(~1 ~--- 

~u0 

~ 2 - 2 e l  1 + ' i +  V-~3'o 

~ , = c ~  -~-~+ ks ~, V~---~ + 5 - '  
2,, ~] 

-~ Vfvo +" + %~,, (30) 

bt~ =: 3~  -k- 24ch 1 -{-- "r, + V~?---~- "+- a:, 

+ , 9 +  3,~+ T , - - ~ ( + " +  ~ + "  + ~ - T "  ' �9 V )~ ?o , 7 k 2 
(31) 
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where  

Dg ,i.+_<,+,+~ ++' ++,). 
++ = (u,)+ 7+u+ 

We showed in the foregoing discuss ion that the "spreading"  of the dynamic output curve was  d e t e r -  
mined by the second centra l  moment .  We see f r o m  (29) that the total r a t e  of m a s s  t r an s f e r  i s  de te rmined  
by the ra te  of the acts  of sorpt ion at the phase in te r face ,  the velocity of internal  and external  m a s s  t r ans f e r ,  
and the longitudinal mixing.  The physical  meaning of the t e r m s  in round b racke t s  in (29) i s  as  follows: 
1/k 2 is  the delay t ime (retardation) due to the k inet ics  of the acts  of sorption; ~i i s  the delay t ime due to 
the finite ra te  of m a s s  t r a n s f e r  within the sorbent  grains ;  1 /~ f -~  is the delay t ime due to the finite ra te  of 
m a s s  t r a n s f e r  at  the outer  boundary of the sorbent  grains ;  v I is  the delay t ime due to the exis tence of  
longitudinal mixing. 

We see f r o m  Eq. (26) that the original  functions may only be found on the bas i s  of var ious  a s y m p -  
totic approximat ions  t ~r162 (or p -+ 0). For  a fixed column length L the dynamic output curves  (direct  
problem) mus t  be sought in t e r m s  of orthogonal Hermi t e  polynomials  [11] 

c(L, t ) =  - . .  a+/+"k VYh;+ ] L ~, ] 2/2-~m ] J (33) 
n~0 

Using the express ion  for the Hermi te  polynomials  Hn (x) given in [12] and making use of thei r  o r -  
thogonal p rope r t i e s ,  we der ive  express ions  for  the coeff icients  

Using the exper imenta l  dynamic curves  and the analyt ical  expres s ions  for the momen t s  (28)-(31), we 
may solve the a lgebra ica l  s y s t e m  of equations and find the p a r a m e t e r s  ~/~, Ti, l/k2, D ( inverse problem) .  
The solution to the a lgebra iea l  equation of the third o rde r  may be found by the ~ a r d a n  method and that of 
the fou r th -o rde r  equation by E u l e r ' s  method [13]. 

We note that the m a s s  t r a n s f e r  in a g ranu la r  column here  considered involves the concept of "e f -  
fect ive re ta rda t ion , "  the delay t ime due to different  f o r m s  of m a s s  t r a n s f e r  being given by Eqs.  (24) and 
(32). Chromatography  makes  extensive use of the concept of the "effective theoret ical  plate"  cons idered  
by Van Deemte r  [14]. 

In o rde r  to desc r ibe  the dynamic output curve ,  Van Deemte r  [14] used a s y m m e t r i c a l  Gauss  curve 
and the equi l ibr ium diffusion equation of kinet ics ,  which only approximate ly  desc r ibes  the m a s s  t r a n s f e r  
in the sorbent  gra ins  [15]. The rea l  dynamic output cu rves  a re  always a s y m m e t r i c a l  (IJ3 in Eq. (30) is 
a lways nonzero),  so that the Van Deemte r  theory only approximate ly  desc r ibes  the shape of the dynamic 
output curves  (direct  problem).  In o rde r  to de te rmine  the kinetic and dynamic p a r a m e t e r s  ( inverse p rob -  
lem) f rom the exper imenta l  dynamic output c h a r a c t e r i s t i c s  for  a var iab le  f i l t ra t ion flow veloci ty,  it is 
quite imposs ib le  to use the Van Deemte r  theory,  and the moment  equations (28)-(31) must  be employed.  

The solution of the equations of nonequil ibrium sorpt ion  dynamics  was cons idered  in [16, 17] on the 
bas i s  of s ta t is t ical  momen t s  with a constant f i l t ra t ion veloci ty for  a specif ied initial concentrat ion d i s t r i -  
bution in an unbounded, infinite column (unbounded problem) .  

The dependence of the flow f i l t ra t ion veloci ty on the length of the column was  considered for  the case  
of equi l ibr ium sorpt ion dynamics  in [18, 19]. In these pape r s  the authors  used the diffusion kinetic equa-  
tion [20] (which only approx imate ly  d e s c r i b e s  m a s s  t r a n s f e r  in the sorbent  grains) ,  not using the exact  
exp res s ion  for  the coefficient  of longitudinal diffusion (D = Dlu ). The method of obtaining the effective 
theoret ical  plate equation was  analogous to [14]; hence the calculat ions of [18, 19] may only be used to 
descr ibe  s y m m e t r i c a l  dynamic curves .  

An exper imenta l  conf i rmat ion of the effect  of var iab le  f i l t ra t ion veloci ty on the dynamic output cu rves  
was obtained in [21, 22]. However ,  in view of the fact  t ha t  the dynamic cu rves  we re  recorded  for  a shor t  
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column length (the filtration velocity varied very little) and some of the parameters  characterizing the 
column not presented, these experimental results can hardly be compared with the theoretical results of 
the present investigation. 

P0 
u 0 
c 0 
q0 

kl, k2 
D i 
C 

7 
D 

~ n  
~n 

NOTATION 

proportion of free space in the column filled with spherical sorbent grains; 
dynamic viscosity; 
radius of the spherical sorbent grains; 
gas pressure  at inlet; 
linear flow velocity at inlet; 
concentration of sorbent within the free space of the sorbent grains; 
concentration of absorbed material; 
sorption and desorption constants; 
coefficient of (internal) diffusion in the channels of the sorbent grains; 
concentration of sorbate in the flow; 
coefficient of (external) mass transfer;  
kinetic coefficient allowing for external mass transfer;  
dispersion coefficient allowing for effective longitudinal mixing; 
initial moments; 
central moments. 
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